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A theoretical approach for the non-equilibrium transport properties of nanoscale systems cou-
pled to metallic electrodes with strong electron-phonon interactions is presented. It consists in a
resummation of the dominant Feynman diagrams from the perturbative expansion in the coupling
to the leads. We show that this scheme eliminates the main pathologies found in previous simple
analytical approaches for the polaronic regime. The results for the spectral and transport properties
are compared with those from several other approaches for a wide range of parameters. The method
can be formulated in a simple way to obtain the full counting statistics. Results for the shot and
thermal noise are presented.
I. INTRODUCTION
The effect of localized vibrations (phonons) in the
electronic transport properties of nanoscale devices is
attracting increasing attention (for a review see [1]).
Such effects have been identified in different systems like
atomic contacts and atomic chains [2], semiconducting
quantum dots [3], carbon nanotubes [4] and other molec-
ular junctions [5–7]. Other systems in which a strong
electron-phonon coupling can lead to polaronic effects
dominating the electronic transport are organic semicon-
ductors [8, 9].
In spite of this variety, from the theoretical point of
view all these situations can be qualitatively described by
the rather simple Anderson-Holstein model. This model
consists of a single resonant electronic level coupled to
fermionic leads and to a localized phonon mode [10].
Even in the more simple spinless case, this model cor-
responds to a non-trivial strongly correlated system in
an out of equilibrium situation. This model can be re-
garded as “paradigmatic” of an electronic system inter-
acting with bosonic excitations. For instance, the same
model was proposed by Langreth to describe the problem
of photoemission through core-holes in metals [11].
This model has been extensively analyzed by differ-
ent theoretical approaches [12–15] but there is still no
exact solution available except for some limiting cases.
Comparison with numerically exact methods like numer-
ical renormalization group or quantum Monte Carlo is
possible only for certain range of parameters both for
equilibrium [16–19] and more recently for nonequilibrium
situations [20–23].
Within this model one can distinguish between two dif-
ferent regimes depending on the strength of the electron-
phonon coupling. For sufficiently weak coupling a low-
est order perturbation theory is applicable [24–26]. This
situation is suitable to describe the case of atomic con-
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tacts and atomic chains [27, 28]. As the electron-phonon
coupling increases higher order diagrams, including ver-
tex corrections, become of importance as discussed in
Ref. [29]. In the opposite regime, the so-called polaronic
regime, perturbation theory breaks down and other type
of approaches are necessary [30–34].
The analysis of the transport properties of this model
has been more recently extended to the case of noise,
and, more generally, to its full counting statistics (FCS).
These studies have been mainly restricted to the pertur-
bative regime [35–38]. Although there exist some studies
of the noise properties in the polaronic regime [39, 40]
it is desirable to develop simple methods to analyze the
crossover from the perturbative to the polaronic case.
Two simple approximations have been proposed to de-
scribe the polaronic regime: the so-called single particle
approximation (SPA) and the polaron tunneling approx-
imation (PTA). Both approaches correspond to simple
decoupling schemes which allow an analytical evaluation
of the electronic Green functions. This simplicity has
allowed for instance to extend PTA to analyze the tran-
sient behavior of this model yielding results in a remark-
able good agreement with numerically exact ones [41].
In spite of their several advantages both approximations
exhibit some pathological features. This is particularly
noticeable in their spectral properties at low frequencies
(SPA) and high frequencies (PTA). Although there exist
other methods to describe this polaronic regime based ei-
ther on the equation of motion technique [30, 42] or other
diagrammatic techniques [43–46], these methods require
a more involved numerical evaluation. These methods
are therefore not easy to extend to more complex situ-
ations like the calculation of the FCS or the analysis of
the transient behavior in the non-stationary case.
The aim of the present work is to develop a simple
method for describing the crossover region from the po-
laronic to the perturbative regime. Ideally this method
should recover the good features of SPA and PTA com-
mented above while eliminating their pathologies. By an-
alyzing the exact perturbation series with respect to the
tunneling to the leads we identify a family of diagrams
2which gives the dominant contribution in the polaronic
regime and which can be summed up exactly. We will
denote this approach as dressed tunneling approxima-
tion (DTA) [47] as it corresponds to dressing the leads
self-energy with the polaronic cloud. In spite of being
derived for describing the polaronic regime we show that
this approximation gives a reasonable description of the
crossover region while exhibiting an increasing deviation
from the perturbative results in the corresponding limit.
The manuscript is organized as follows: in Sect. II we
introduce the model Hamiltonian and the basic Green
functions formalism which allows to calculate the dif-
ferent electronic and transport properties. In Sect. III
we analyze the diagrammatic expansion of the relevant
Green functions in the polaronic limit and briefly intro-
duce the known simple approximations like PTA and
SPA. Sect. IV is devoted to introduce the DTA dis-
cussing the arguments for its derivation and giving the
main expressions for the system Green functions. The
corresponding results are described in Sect. V where the
spectral densities are compared with other approaches.
In this section we also analyze the DTA results for the
transport properties like the current, the differential con-
ductance and the noise. Finally, we summarize the main
results of this work in Sect. VI.
II. MODEL AND BASIC THEORETICAL
FORMULATION
We consider the simplest spinless Anderson-Holstein
model in which a single electronic level is coupled to a lo-
calized vibrational mode. Electrons can tunnel from this
resonant level into a left (L) and a right electrode (R).
We shall generically refer to this central region, which can
represent either a molecule, and atomic chain or quan-
tum dot, as the “dot” region. The corresponding Hamil-
tonian is given by H = Hleads + Hdot + HT , with (in
natural units, ~ = kB = e = me = 1)
Hdot =
[
ǫ0 + λ
(
a† + a
)]
d†d+ ω0 a
†a , (1)
where ǫ0 is the bare electronic level, λ is the electron-
phonon coupling constant and ω0 is the frequency of the
localized vibration. The electron (phonon) creation op-
erator in the dot is denoted by d† (a†). On the other
hand, Hleads =
∑
jk ǫjkc
†
jkcjk corresponds to the non-
interacting leads Hamiltonian (j ≡ L,R) where ǫjk are
the leads electron energies and c†jk are the corresponding
creation operators. The bias voltage applied to the junc-
tion is imposed by shifting the chemical potential of the
electrodes V = µL − µR.
The tunneling processes are described by
HT =
∑
k
(
tLk c
†
Lk d+ tRk c
†
Rk d+ h.c.
)
, (2)
where tjk are the tunneling amplitudes.
To address the polaronic regime it is convenient to
perform the so-called Lang-Firsov unitary transforma-
tion [48] which allows to eliminate the linear term in the
electron-phonon coupling [49]
H˜ = SHS†, S = egd
†d(a†−a), g =
λ
ω0
. (3)
Using this transformation
H˜dot = ǫ˜ d
† d + ω0a
†a , (4)
where ǫ˜ = ǫ0 − λ
2/ω0. The tunneling Hamiltonian is
transformed as
H˜T =
∑
k
(
tLk c
†
Lk Xd+ tRk c
†
Rk Xd+ h.c.
)
. (5)
where X = exp
[
g(a− a†)
]
is the phonon cloud operator.
On the other hand, the free leads Hamiltonian remains
invariant. For later use it is useful to introduce the tun-
neling rates Γj = Im
∑
k |tjk|
2/(ω − i0+− ǫjk) which are
approximated by constants in the so-called wide band
approximation.
To deal with the transport properties of this model it is
convenient to use the Keldysh nonequilibrium formalism
[50]. The basic quantity required to calculate the elec-
tronic and transport properties are the dot Green func-
tions
Gαβ(t, t′) = −i
〈
TC{X(t)d(t)X
†(t′)d†(t′)}
〉
, (6)
where TC is the time ordering operator in the Keldsyh
contour and α, β ≡ +,− denote the different branches of
the contour.
A slight modification in the Keldysh formulation al-
lows to address directly the noise properties of the sys-
tem and more generally its FCS [51, 52]. This is achieved
by introducing a “counting-field” ν, which changes sign
on the two branches of the contour and which enters as a
phase factor modulating the tunnel Hamiltonian. As the
current is conserved in our two terminal device one can
choose to introduce the counting field in either the left
or the right tunneling term. For definiteness we choose
to include it in the left and accordingly we define
H˜νT =
∑
k
(
eiν/2tLk c
†
Lk Xd+ tRk c
†
Rk Xd+ h.c.
)
, (7)
and the Keldysh Green functions (GFs) in the presence
of the counting field are
3Gαβ(ν)(t, t′) = −i
〈
TC{X(t)d(t)X
†(t′)d†(t′)e−i
∫
C
H˜νT (τ)dτ}
〉
0
, (8)
where the subscript 0 indicates averaging over the states
of the uncoupled Hamiltonians H˜dot and Hleads. More
generally, the FCS can be obtained from a Cumulant
Generating Function (CGF),
χ(ν) =
〈
TC e
−i
∫
c
dtH˜νT (t)
〉
0
. (9)
Formally χ(ν) can be expanded as χ(ν) =
∑
q e
iqνPq,
where Pq is the probability of a charge q being transferred
through the system. So, the cumulants can be computed
using
〈δn q〉 = (−i)n
∂n
∂ νn
lnχ(ν)
∣∣∣∣
ν=0
. (10)
In a stationary situation the first cumulant (n = 1) in
(10) corresponds to the mean current
IL =
∫
dω
2π
∑
k
[
tLkg
+−
Lk (ω)G
−+(ω)
− t∗Lkg
−+
Lk (ω)G
+−(ω)
]
, (11)
where gαβj are the isolated leads GFs. A symmetrized
expression of the current involving only the dot spectral
density can be deduced using current conservation, lead-
ing to [54]
I =
8ΓLΓR
Γ
∫
dω [fL(ω)− fR(ω)]A(ω) , (12)
where Γ = ΓL + ΓR and the spectral function A(ω) =
−Im(GR(ω))/π, GR being the retarded dot Green func-
tion
On the other hand the second cumulant corresponds
to the current noise and can be written as
SL = i
∫
dω
2π
∑
k
∂
∂ν
[
tLkG
−+(ν)(ω)g+−Lk (ω) e
iν
−t∗LkG
+−(ν)(ω)g−+Lk (ω) e
−iν
]∣∣∣
ν=0
. (13)
Symmetrized expressions for the noise in different ap-
proximations are given in Appendix A.
It is also convenient to define the unperturbed polaron
correlator in Keldysh space
Λαβ(t, t′) =
〈
TCe
g(a(t)−a†(t))e−g(a(t
′)−a†(t′))
〉
0
. (14)
III. DIAGRAMMATIC EXPANSIONS IN THE
POLARONIC REGIME
An exact solution to the problem of determining the
GFs entering in the calculations of the various transport
FIG. 1. (Color online) Lowest order Feynman diagrams of the
perturbative expansion in the tunneling Hamiltonian. The
solid lines represents the free dot GF (G0), dashed lines rep-
resent the free lead GF (gk, k = L,R), the wavy lines the
polaron correlator (Λ) and the crosses the hopping events.
properties is still unknown. In the polaronic regime a per-
turbative expansion in the hopping to the leads would be
appropriate. The lowest order diagrams in this expansion
are shown in Fig. 1.
Therefore, the natural starting point for studying the
system in this regime is provided by the so-called atomic
limit [53]. This is defined as the limit when the tunneling
rates between the dot and the leads tend to zero. The
Green functions in this limit can be calculated exactly
and correspond to the zero order term in the expansion
depicted in Fig. 1, and thus its Keldysh components can
be computed as G(0)αβ(ω) = Gαβ0 (ω)⊗ Λ
αβ(ω), where
Gαβ0 are the bare dot GFs and ⊗ represents the con-
volution product. In frequency domain its retarded com-
ponent has the form
G(0)R(ω) =
∞∑
k=−∞
αkn0 + α−k(1− n0)
ω − ǫ˜ + k ω0 + iη
, (15)
where n0 represents the average occupation number of
the level of the dot, η is an infinitesimal and αk is a
coefficient that, at finite temperature can be written as
αk = e
−g2(2 np+1) Ik
(
2g2
√
np(1 + np)
)
ekβω0/2, (16)
Ik being the modified Bessel function of the first kind
which is symmetric in the k argument (Ik = I−k) and np
is the Bose factor 1/(eβω0 − 1) with β = 1/T . At zero
temperature this coefficient can be simplified as
αk =
{
e−g
2 g2k
k! if k ≥ 0
0 if k < 0
(17)
There exist in the literature two simple ways to in-
clude the effects of finite tunneling to the leads starting
4FIG. 2. (Color online) Feynman diagrams for (a) PTA (b)
DSPA. In both cases, the zero order corresponds to the atomic
limit GF (15).
from the atomic limit. These are the so called Polaron
Tunneling Approximation (PTA) and the Single Particle
Approximation (SPA), which are briefly described below.
Within PTA the phonons are assumed to be excited
and deexcited instantaneously when the electrons tunnel
from the leads to the dot [40]. Diagrammatically, this
approximation corresponds to summing up the series de-
picted in Fig. 2 (a), i.e. can be expressed in a Dyson-like
equation in Keldysh space (for simplicity we concentrate
in the ν = 0 case for the discussion within this and the
next section)
GPTA = G
(0) +G(0)Σ0GPTA, (18)
where the self-energy Σ0 = Σ0L +Σ0R, with
Σ0j(ω) = iΓj
(
2fj(ω)− 1 −2fj(ω)
−2(fj(ω)− 1) 2fj(ω)− 1
)
.
This approximation provides a good description of the
spectral properties at low energies and for situations close
to half-filling [41]. In particular it satisfies the Friedel
sum rule (FSR) connecting the spectral density at zero
energy with the dot charge, which implies that for the
symmetric case (ǫ˜ = 0) APTA(0) = 1/πΓ [33]. How-
ever, the spectral density at higher energies is somewhat
pathological as it exhibits phonon side band peaks of van-
ishing width but with a constant height. On the other
hand, as has been shown in Ref. [41] this approximation
provides a good description of the non-stationary evolu-
tion of the model at short time scales.
The SPA provides another simple picture of the pola-
ronic regime. The general idea of this approximation is
to directly decouple the electronic and the polaron de-
grees of freedom in the dot GFs. In the simplest form of
this approximation [14] the retarded GF is given by
GRSPA(ω) =
∞∑
k=−∞
αkn0 + α−k(1− n0)
ω − ǫ˜ + kω0 + iΓ
. (19)
This expression is formally equivalent to broaden the
poles of the atomic GF of Eq. (15) with the bare (fre-
quency independent) tunneling rates to the leads. From
this expression it is clear that this approximation does
not satisfy the expected behavior at low frequencies as it
does not fulfill the FSR nor reproduce the polaronic nar-
rowing of the resonances close to the Fermi level. How-
ever, it does not exhibit the pathological behavior of the
side band peaks at higher energies characteristic of PTA
and recovers the exact results in the limit of a fully oc-
cupied or fully empty dot [12, 55].
In a more transparent diagrammatic way the SPA de-
coupling scheme corresponds to the Feynman diagrams
showed in Fig. 2 (b) in which the bare dot Green function
is dressed with the tunneling self-energy up to infinite
order and then convoluted with the polaron correlator
Λ [44]. The resulting GFs are, however, not completely
equivalent to the ansatz of Eq. (19). The Keldysh com-
ponents within this diagrammatic SPA (DSPA) are given
by
G+−DSPA(ω) = −
∞∑
k=−∞
αk
Σ+−0 (ω + k ω0)
D(ω + k ω0)
G−+DSPA(ω) = −
∞∑
k=−∞
α−k
Σ−+0 (ω + k ω0)
D(ω + k ω0)
, (20)
where D(ω) = (ω − ǫ˜)2 + Γ2.
IV. DRESSED TUNNELING APPROXIMATION
It is thus desirable to develop a simple approxima-
tion that would exhibit the properties of the PTA at
low energies and of SPA at high energies. For this pur-
pose let us analyze the full diagrammatic expansion il-
lustrated in Fig. 1, taking as an example the second
order diagram represented again in Fig. 3 (a). In the
evaluation of this diagram there appear products of po-
laron correlators of the type Λ(t, t1)Λ
−1(t, t2), where the
time arguments t1 and t2 correspond to the exit and en-
trance of the electrons from the dot to the leads. As
in the limit of strong electron-phonon coupling the life-
time of the electronic states in the dot is much larger
than the one in the electrodes, it is then reasonable to
make the approximation Λ(t, t1)Λ
−1(t, t2) ∼ 1 (see Fig.3
(a)). This can be more rigorously justified from the
fact that in the wide band approximation the retarded
leads self-energies are localized in time representation,
i.e. ΣR0j(t, t
′) ∝ θ(t − t′)δ(t − t′). With this prescrip-
tion the diagrammatic expansion reduces to the one il-
lustrated in Fig. 3 (b) which can be evaluated exactly.
One should notice that the cancellation of the “crossing”
polaron lines in the diagrammatic expansion implies that
vertex corrections can be neglected in this limit. An ap-
proximate evaluation of these corrections in the λ/ω0 < 1
regime was undertaken in Ref. [44].
As can be observed, the resulting approxima-
tion is equivalent to dressing the leads self-energies
within DSPA with the polaron correlators, i.e.
Σ˜αβ(ω) = Σαβ0 (ω)⊗ Λ
αβ(ω). In this way, the self-energy
5FIG. 3. (Color online) Feynman diagrams for the DTA ap-
proximation. Panel a) indicates the simplifying approxima-
tion on the second order diagram and panel b) represents the
diagrammatic series which is included within DTA.
components can be written as
Σ˜+−L,R(ω) =
∞∑
k=−∞
αkΣ
+−
0 L,R(ω + k ω0)
Σ˜−+L,R(ω) =
∞∑
k=−∞
α−kΣ
−+
0 L,R(ω + k ω0) . (21)
Within the wide-band approximation these self-energy
components are purely imaginary quantities. The result-
ing GFs can then be straight-forwardly evaluated as
G+−DTA(ω) = −
∞∑
k=−∞
αk
Σ˜+−(ω + k ω0)
D˜(ω + k ω0)
G−+DTA(ω) = −
∞∑
k=−∞
α−k
Σ˜−+(ω + k ω0)
D˜(ω + k ω0)
(22)
where Σ˜αβ = Σ˜αβL + Σ˜
αβ
R , and
D˜(ω) =
∣∣∣ω − ǫ˜− Σ˜R(ω)∣∣∣2 , (23)
where
Σ˜R(ω) =
∞∑
k=−∞
j=L,R
i αk
2π
∫
dω′
[
Σ+−0j (ω
′)
ω + k ω0 − ω′ + iη
+
Σ−+0j (ω
′)
ω − k ω0 − ω′ + iη
]
.(24)
With these components, the spectral function can be
determined as
ADTA(ω) =
1
2πi
[
G+−DTA(ω)−G
−+
DTA(ω)
]
. (25)
It should be noticed that a similar approach but de-
rived from a decoupling procedure within the equation
of motion of the system GFs was presented recently in
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FIG. 4. (Color online) Spectral density for the symmetric
case, zero bias voltage and zero temperature with Γ = 0.2 ω0
and g = 1.0. The results correspond to the different approxi-
mations: DTA (full line, green or light gray), ADTA (full line,
violet or dark gray), SPA (dotted line) and PTA (dashed line).
Ref. [34]. We also point out that in all the preceding
approximations the basic assumption of having a equi-
librium phonon distribution was made for the evaluation
of the polaron correlators.
A simpler version of this approximation can be ob-
tained within the same spirit as in the SPA discussed in
the previous section. Within this approximation (that
we call approximated DTA (ADTA)), GR can be written
as
GRADTA(ω) =
∞∑
k=−∞
αk n0 + α−k (1− n0)
ω + kω0 − ǫ˜− Σ˜R(ω + kω0)
. (26)
From this expression it is clear that within this ap-
proximation the pole structure of the atomic limit is pre-
served but with a broadening determined by ImΣ˜R. As
for large frequencies this effective broadening tends to Γ
one recovers the SPA result in this limit. However, this
effective broadening is strongly reduced with respect to
Γ for low energies. In fact, for ω → 0 and for the sym-
metric case |ImΣ˜R| → e−g
2
Γ, thus yielding the correct
polaronic reduction in the resonance width at the Fermi
level [42].
V. RESULTS
This section contains the predictions of the DTA for
different physical quantities compared with other ap-
proaches.
A. Spectral density
We first analyze the results for the dot spectral den-
sity A(ω). Fig. 4 shows the comparison of the DTA
results for A(ω) with those from PTA and SPA for an
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FIG. 5. (Color online) Evolution of the spectral density at
zero temperature with increasing voltage within DTA. From
top to bottom V = 1, 3, 9 ω0. The other parameters as in
lower panel of Fig. 6. The dotted line corresponds to the SPA
result which is voltage independent.
electron-hole and left-right symmetric case in the pola-
ronic regime. As can be observed, while the DTA and
the PTA results tend to coincide at low energies (central
resonance), they increasingly deviate at higher order res-
onances. In contrast, for these higher order resonances
the DTA spectral density gradually converges to the SPA
one. Therefore, as commented above, DTA contains the
good features of both approximations but without their
pathologies. The same conclusion is valid for the simpler
ADTA method, as can be seen in Fig. 4.
In Fig. 5 we analyze the evolution of the spectral den-
sity with the applied bias voltage. As can be observed,
the main effect of the applied bias is to gradually reduce
the height of the phonon peaks. Remarkably, the DTA
spectral density appears to evolve towards the SPA one
which is voltage independent (indicated by the dotted
curve in Fig. 5). As large voltages correspond to high
energies one would expect that SPA should become exact
in the limit V → ∞. A similar convergence to the SPA
is obtained in the limit |ǫ˜| → ∞, corresponding to the
exact result for a fully empty or a fully dot case [55].
Another interesting property of DTA is that it rea-
sonably describes the transition from the polaronic to
the weak electron-phonon coupling regimes. This is il-
lustrated in Fig. 6 in which the DTA spectral density
is shown for two values of the parameter g = 1 (lower
panel) and g = 0.5 (upper panel). For comparison we
also show in these plots the corresponding results ob-
tained by the interpolative self-energy approach (ISA) of
Ref. [56] and extended to the non-equilibrium Holstein
model in Ref. [43], which is constructed in order to in-
terpolate between the second-order perturbation theory
and the atomic limit. It is remarkable that the two ap-
proximations which are derived following such different
criteria would so closely coincide in both regimes.
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FIG. 6. (Color online) Spectral density at zero temperature in
the DTA (full line) and the ISA (triangles) from Ref. [43] for
the symmetric case with Γ = 0.2ω0, V = ω0 and two values of
the coupling constant g = 0.5 (upper panel) and g = 1 (lower
panel).
B. Current and Noise
We analyze in this subsection the results from the DTA
for several transport properties. As shown in the inset
of Fig. 7 for moderate values of g (g ∼ 0.8) the current-
voltage characteristic starts to exhibit a step-like behav-
ior. For the electron-hole and left-right symmetric case
shown in Fig. 7 the most pronounced features appear
at V ∼ 2nω0 [22, 40, 43]. It is interesting to note that
the DTA results for the current quantitatively agree in
this range of parameters with numerically exact results
from diagrammatic MC calculations from Ref. [20], in-
dicated by the symbols in the inset of Fig. 7. It should
be also mentioned that, as shown in Appendix A, DTA
fulfills the current conservation condition. This condi-
tion is trivially fulfilled by PTA where no inelastic pro-
cesses are included, but not for instance by DSPA. In the
case of DSPA the violation of current conservation can
be demonstrated explicitly (see Appendix A). However,
as SPA and ADTA consist in an ansatz for the retarded
GFs the left and right currents cannot be calculated sep-
arately but just using the symmetrized expression of Eq.
(12). Their non-conserving character can be inferred nev-
ertheless from the violation of the FSR.
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FIG. 7. (Color online) Zero temperature differential conduc-
tance within DTA (full line, green or light gray), ISA (dotted
line) and SPA (dots) for ǫ˜ = 0, Γ = 0.1ω0 and g = 0.8. The
inset shows the current for the same parameters but with a
finite temperature T = 0.04ω0 for comparison with diagram-
matic Monte Carlo data (full squares) from [20].
In order to have a more detailed analysis of the features
in the IV characteristics it is convenient to calculate the
differential conductance. This quantity is represented in
the main panel of Fig. 7 for the same parameters as for
the inset. We also show for comparison the correspond-
ing results for the SPA and the ISA. Several features are
worth noticing: 1) the zero bias conductance within DTA
reaches the unitary limit as it corresponds to an electron-
hole symmetric case. This condition, which is directly
related to the FSR, is also fulfilled by ISA but not by
SPA which yields a smaller conductance value. 2) There
appears a conductance step at V ∼ ω0. This step corre-
sponds to the onset of inelastic processes due to phonon
emission, which is absent within SPA (neither PTA, not
shown in Fig. 7, exhibits this feature), and 3) There
appears a more pronounced feature at V ∼ 2ω0 corre-
sponding to the side-band peaks in the spectral density.
It should be noticed that the precise shape of this feature
is extremely sensitive to the presence of a finite broaden-
ing of the logarithmic singularities in the real part of the
electron self-energies. In fact, a finite broadening leads
to a dip in the differential conductance at V = 2ω0 [34]
which however tends to disappear as the broadening is
reduced to zero.
The inelastic features at V ∼ ω0 become more pro-
nounced as Γ is increased. This is illustrated in Fig. 8
where the conductance is shown for fixed g and increas-
ing values of Γ. An interesting issue, which has been
addressed repeatedly in the literature is the transition
from a step up to a step down in the conductance at the
inelastic threshold. For instance, this transition was ana-
lyzed in the perturbative regime for the electron-phonon
coupling in Refs. [27, 28]. As shown in Fig. 8 the DTA
fairly reproduces the step up feature at small values of Γ
but the transition to the step down behavior at large Γ
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FIG. 8. (Color online) Zero temperature conductance within
DTA for ǫ˜ = 0, g = 0.5 and (from bottom to top) Γ = 0.1,
0.2, 0.5, 1.0, 2.0 and 4.0 ω0. The dashed lines show the cor-
responding results for ISA.
is somewhat masked by the presence of the logarithmic
singularity in the real part of the electron self-energy. For
comparison we show in Fig. 8 the corresponding results
obtained with ISA which by construction reproduces the
expected step down feature in the large Γ in agreement
with perturbation theory in g.
The behavior of the differential conductance as ǫ˜ is
varied is shown in Fig. 9. It is interesting to analyze
the evolution of the features at the inelastic threshold
V = ω0. As can be observed in the first inset of Fig. 9,
the initial step up feature for the symmetric case evolves
into a step down as ǫ˜ approaches ω0/2 where the elastic
resonance condition V/2 = ǫ˜ coincide with the inelas-
tic threshold. In Fig. 9 we compare the DTA results
with those of the EOM method obtained in Ref. [42]. As
can be observed there is a remarkable agreement between
the two methods in this range of parameters. Addition-
ally, the results exhibit a second inelastic threshold at
V ∼ 2ω0 which can be more clearly appreciated when
ǫ˜ is shifted from zero energy (see right inset of Fig. 9).
This feature cannot be recovered by other methods like
PTA, SPA or ISA.
We next analyze the results for the current noise within
DTA. Fig. 10 shows the noise and the differential noise,
∂S/∂V as a function of voltage for increasing values of
Γ at fixed g for the same parameter choice as in Fig. 8
for the differential conductance. There is an overall be-
havior of ∂S/∂V which is maintained for all values of Γ:
it starts from a zero value at V = 0 as it corresponds
to a perfect transmitting channel at zero temperature,
there is then a maximum at around V ∼ 2Γ followed
by a decay as expected for a Lorentzian resonance. In
addition the noise exhibits features at V ∼ nω0 as the
conductance. However, there appear interesting differ-
ences. For instance, the feature at the inelastic threshold
at V ∼ ω0 evolves as a function of Γ from a step up at
small values, to a step down at intermediate ones and
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FIG. 9. (Color online) Zero temperature conductance within
DTA for g = 1, Γ = 0.1ω0 and (from left to right) increasing
values of ǫ˜ = 0.0, 0.1, 0.2, 0.3, 0.4 and 0.5ω0. The dashed
lines show the corresponding results for the EOM method of
Ref. [42]. The insets correspond to a blow up of the first and
second phonon resonance.
eventually again to a step up at large Γ. As in the case
of the conductance the features at large Γ are masked
by the logarithmic singularities in the real part of the
self-energies and can only be identified by analyzing the
behavior of the noise on the neighborhood of the inelastic
threshold. This double change of sign in the step is qual-
itatively in agreement with previous analysis of the noise
in the perturbative regime [35–37] and which has been
partially confirmed by experimental results for transport
through small molecules [57].
As a final issue we discuss the zero-bias limit for the
noise. In this limit the noise is purely due to ther-
mal fluctuations and one should recover the fluctuation-
dissipation theorem (FDT), stating that S(0) = 4TG(0).
This can be proved analytically within DTA (and also for
the DSPA) as shown in Appendix A. Fig. 11 illustrates
the behavior of the thermal noise as a function of tem-
perature for increasing values of Γ at fixed g. As can be
observed, all curves converge to the value S(0)/4TG0 = 1
in the zero-temperature limit, thus indicating the fulfill-
ment of FDT within this approach.
VI. CONCLUSION
In this work we have presented and analyzed a theoreti-
cal approach for the non-equilibrium transport properties
of nanoscale systems coupled to metallic electrodes with
strong electron-phonon interactions. We have shown that
this method, that we have called DTA, provides analyt-
ical expressions for the system GFs which are as simple
as previous analytical approximations for the polaronic
regime like SPA and PTA. We show, however, that the
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FIG. 10. (Color online) Zero frequency noise within DTA for
the same parameters as in Fig. 8. The lower panel corre-
sponds to the differential noise ∂S/∂V . From top to bottom
in the upper panel Γ = 0.1, 0.2, 0.5, 1.0, 2.0 and 4.0 ω0.
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FIG. 11. (Color online) Thermal noise as a function of tem-
perature within DTA for the same parameters as in Figs. 8
and 10. The noise is normalized as S(0)/4TG0 in such a
way as to illustrate the fulfillment of the FDT in the zero-
temperature limit.
9DTA eliminates the more remarkable pathologies of these
two previous approximations in the low energy (SPA)
and high energy (PTA) regimes. By comparison with
other methods we have shown that DTA additionally re-
produces the correct behavior in the crossover regime,
λ2/ω0 . Γ. Only in the limit λ
2/ω0Γ ≪ 1 this approx-
imation progressively deviates from the results provided
by perturbation theory in the electron-phonon coupling.
Some exact known limits of the model like the fully empty
or fully occupied dot case are also recovered within DTA.
On the other hand, we have shown that DTA provides
results for the current and the differential conductance
in good agreement with results from other more elabo-
rate methods including numerically exact methods like
diagrammatic Monte Carlo. In addition DTA can be
formulated in a way which allows to extract the noise
properties and the more generally the FCS of the model.
We have provided an analysis of the main features of
the voltage-dependent shot noise and also of the ther-
mal noise. For this last case we have shown analytically
that DTA fulfills the fluctuation-dissipation theorem. We
have also demonstrated that DTA satisfies current and
noise conservation laws. This is a remarkable property in
view of the simplicity of the approximation and its non
self-consistent character [58].
For future applications, the simplicity of the method
could allow to address more complex situations like the
non-stationary response of the model as studied in Ref.
[41]. On the other hand, although the method has been
derived for the more simple single model, the same ideas
could be in principle extended to models including several
dot levels coupled to multiple phonon modes like the one
discussed in Ref. [59]. One can also envisage improving
the present approximation by including non-equilibrium
effects in the phonon distribution, as discussed for in-
stance in Ref. [30].
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Appendix A: Expressions for the noise and the CGF
in the different approximations
Within PTA the CGF has the same expression as for
a non-interacting system [40]
lnχ(ν) =
∫
dω
2π
ln{1 + T (ω)
[(
eiν − 1
)
fL(ω) (1− fR(ω))
+
(
e−iν − 1
)
fR(ω) (1− fL(ω))
]
}, (A1)
with a renormalized transmission T (ω) given by
T (ω) = 4ΓL ΓR/
(
f−2(ω) + Γ2
)
, where
f(ω) ≡
∞∑
k=−∞
αk
(
n0
ω − ǫ˜+ k ω0
+
1− n0
ω − ǫ˜− k ω0
)
.
(A2)
For the other approximations (DTA and DSPA), the
expressions are slightly more involved. We will first an-
alyze the DTA case. The Keldysh GFs within this ap-
proximation including the counting field can be written
as
G
+−(ν)
DTA (ω) = −
∞∑
k=−∞
αk
Σ˜+−L (ω
′)eiν + Σ˜+−R (ω
′)
D˜
(ν)
(ω′)
G
−+(ν)
DTA (ω) = −
∞∑
k=−∞
α−k
Σ˜−+L (ω
′)e−iν + Σ˜−+R (ω
′)
D˜
(ν)
(ω′)
,
(A3)
where ω′ = ω + k ω0 and
D
(ν)(ω) = D˜(ω)+Σ˜−+0L (ω)Σ˜
+−
0R (ω)
(
e−iν − 1
)
+Σ˜+−0L (ω)Σ˜
−+
0R (ω)
(
eiν − 1
)
. (A4)
By using Eq. (11) for the current between the dot and
the right electrode one obtains
IDTA =
∫
dω
2π
Σ˜+−0R (ω)Σ˜
−+
0L (ω)− Σ˜
−+
0R (ω)Σ˜
+−
0L (ω)
D˜(ω)
,
(A5)
which is clearly anti-symmetric with respect to the inter-
change of L and R, thus indicating current conservation
within DTA.
In an analogous way, the voltage dependent noise can
be straight-forwardly computed from Eq. (13)
SDTA =
∫
dω
π
Σ˜+−0R (ω)Σ˜
−+
0L (ω) + Σ˜
−+
0R (ω)Σ˜
+−
0L (ω)
D˜(ω)
−
[
Σ˜+−0R (ω)Σ˜
−+
0L (ω)− Σ˜
−+
0R (ω)Σ˜
+−
0L (ω)
D˜(ω)
]2
. (A6)
In addition to current conservation it is interesting to
check whether this approximation fulfills the fluctuation-
dissipation theorem, which relates the thermal noise at
zero bias with the linear conductance by S(0) = 4TG(0).
At zero voltage Σαβ0L(ω)/ΓL = Σ
αβ
0R(ω)/ΓR (α, β = +−).
Then, the zero voltage noise can be written as
SDTA(0) =
∫
dω
π
Σ˜+−0R (ω)Σ˜
−+
0L (ω) + Σ˜
−+
0R (ω)Σ˜
+−
0L (ω)
D˜(ω)
.
(A7)
On the other hand, the zero bias conductance can be
computed from Eq. (A5) yielding
GDTA(0) =
1
4T
∫
dω
π
Σ˜+−0R (ω)Σ˜
−+
0L (ω) + Σ˜
−+
0R (ω)Σ˜
+−
L (ω)
D˜(ω)
.
(A8)
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Comparison with Eq. (A7) clearly shows the fulfill-
ment of the fluctuation-dissipation theorem within DTA.
Similar expressions can be derived for the DSPA. First,
the current flowing through the right electrode can be
written as
IR,DSPA =
∫
dω
2π
Σ+−0L (ω)Σ˜
−+
0R (ω)− Σ
−+
0L (ω)Σ˜
+−
0R (ω)
(ω − ǫ˜)
2
+ Γ2
.
(A9)
It is important to notice that this expression is not
symmetric with respect to L and R exchange when the
level ǫ˜ is displaced from zero. This absence of symmetry
breaks the current conservation for bias voltages bigger
than ω0.
In the same way the noise can be computed analytically
within DSPA
SR,DSPA =
∫
dω
π
Σ˜+−0R (ω)Σ
−+
0L (ω) + Σ˜
−+
0R (ω)Σ
+−
0L (ω)
Γ2 + (w − ǫ˜)2
+4ΓLΓR (fL(ω)− fR(ω))
×
Σ˜+−0R (ω)Σ
−+
0L (ω)− Σ˜
−+
0R (ω)Σ
+−
0L (ω)
[Γ2 + (w − ǫ˜)2]2
,(A10)
which again exhibits explicitly the breaking of left-right
symmetry, i.e. noise is not conserved in general within
DSPA. It can be shown, however, that within this approx-
imation the fluctuation-dissipation theorem is fulfilled.
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